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TANGENTIALLY DISTAL FLOWS 

BY 

M. REES t 

ABSTRACT 

Using a modified version of Furstenberg's suggested definition of tangential 
distality, a differentiable analogue of the Furstenberg Structure Theorem for 
distal transformation groups is proved. Examples are given which show 
tangential distality is of a rather different character to distality. Conditions are 
given under which tangential distality implies distality. 

Let  X be  a compac t  C 1 manifold,  and  f : X ~ X a d i f feomorphism.  Any  two 

R i e m a n n i a n  s t ructures  on X are equivalent, in the sense that,  if [I [[1, 

[[ [[2 : T ,X  ~ R* are the  associa ted  " n o r m s "  on T,X, then there  exist m, M > 0 

such that:  

mllVlll~=Jlvll2~Mllvll, forallv~ T,X. 

Furs tenberg  suggested the  following definition: Suppose  a R i e m a n n i a n  struc- 

ture  on X has been  given,  with associa ted no rm I1 II. f :x-- ,  x is said to be  

tangentially distal if: 

O<infllDf"vt[ fora l lv~T,X,  v~O. 

(By the above,  the choice of n o r m  does  not affect the definition.) 

O n e  might  expect  the  p rope r ty  of tangent ia l  distality to be  re la ted  to that  of 

distality: Le t  d be  any metr ic  for  the  topo logy  of X, and  recall  that  f : X ~ X is 

distal if: 

infd(f"x,f"y)>O for  all x, y ~ X, x g y .  

In fact, there  is a class of  examples  which are bo th  distal and  tangential ly  

distal: a typical example  is a skew-produc t  d i f f eomorph i sm of an n - to rus  (1.4). 
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However, even for the circle, distal diffeomorphisms need not be tangentially 

distal (1.5). Tangentially distal flows which are not distal include the classical 

horocycle flow (1.11), and change of velocity flows of certain distal flows (1.8). 

Another class of tangentially distal flows, which might (or might not) exist, is 

discussed briefly in 1.12. The existence or non-existence of such examples might 

indicate how great are the restrictions on a manifold which is the phase space of 

a minimal tangentially distal transformation g r o u p - - t h e  restrictions in the case 

of minimal distal transformation groups are quite severe. 

One would expect a structure theorem for tangentially distal transformation 

groups akin to the Furstenberg structure theorem for distal transformation 

groups. We give such a structure theorem (w structure is on the tangent 

bundle, not the manifold i t se l f - -under  additional (necessary) assumptions. 

In w we prove that tangentially distal diffeomorphisms satisfying mild 

additional assumptions have all characteristic-exponents zero, hence have zero 

entropy. It is known that distal homeomorphisms have zero entropy [18]. 

In general, the structure for a tangentially distal diffeomorphism (consisting of 

a finite sequence of C O subvector bundles in the tangent bundle) does not arise 

from a sequence of foliations of the manifold. But if it does, we give, in w 

additional conditions under which a tangentially distal diffeomorphism must be 

distal. 

I should like to thank W. Parry for helpful discussion and advice. 

This research was completed at the Institute for Advanced Study, Princeton. 

w Definitions of tangential distality, and some examples 

First, we give some motivation for the definitions. Let T:V---~ V be an 
invertible linear transformation of a real finite-dimensional vector space. Let 

(~)k Vand A k Vdenote the k th tensor and exterior products of V respectively. 

T is distal if, whenever v ~ V is such that 0 is a limit point of {T"v : n ~ Z}, 

then v = 0. Clearly, T is distal if and only if all the (complex) eigenvalues of T 

have modulus 1. 

It follows that, if T is distal: 

(a) (~) 'T:  (~)r V ~  ( ~ '  V is distal for all r. 

(b) If W is a subspace of V with T W =  W, then the induced map 

Tw : V~ W ~ V~ W is distal. 

Combining (a) and (b), we see that: 

AkT:AkV- - -~AkVi sd i s ta l ,  for l < - k < = n = d i m V .  
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We shall see later that the corresponding result for the derivative of a 

di i teomorphism is not true. Note  that Jordan decomposit ion of T over  the real 

field gives a type of "Furstenberg Structure T h e o r e m "  for distal T. 

All the theory of w167 and 2 can be extended to arbitrary transformation groups 

with metric phase spaces without any trouble, but for ease of notation we 

consider only the case of a homeomorphism f of a compact  metric space X. In 

the examples, however, we also consider flows. 

1.1. DEFINITION. Let V be a real finite-dimensional C O vector bundle over  a 

compact  metric space X, and let fv:V--~ V have the following properties 

relative to a homeomorph ism f:X---~X: 
(i) The following diagram commutes,  where r : V---~ X is the natural projec- 

tion: 

V t~ 

X , X  
f 

(ii) folTr-~x:rr-lx--~ ~r-lfx is a linear isomorphism. 

We call (V, fo) an extension of (X,f) (e.g., X is a C 1 manifold, f a C 1 

dit teomorphism, V = T,X, the tangent bundle of X, and f~ = Df, the derivative 

of f).  

Let II tl: V--~R* be a continuous function which is a norm restricted to each 

fibre over X (any two such are equivalent as in the introduction). Then (V, fv) is a 

distal extension of (X , f ) i f  inf, l l f~wll>0 for all w E V, w ~ 0 .  

1.2. DEFINITION. For 1 _--< k _-< n = dim V (where dim V denotes the dimen- 

sion of all the fibres {V, :x  E X} of V over X),  let A k Vdeno t e  the C o vector 

bundle over  X, obtained from V, which has A k(Vx), the k th exterior product of 

Vx, as fibre over  x ~ X. 

Then Ak(fo): Ak V--~ A k V i s  an extension of f :X- -*X.  
Write A k X  for Ak(T .X) ,  and Akf  for Ak(Df), so that A~X=T.X,  and 

A~f=Df, if X is a C ~ manifold, and f a C ~ diffeomorphism. 

1.3. DEFINITION. f :  X---~X is tangentially distal of order k if (AkX, A~J) is a 

distal extension of (X,f), where X is a compact  C ~ manifold and f a C ~ 

diffeomorphism. So tangential distality of order 1 coincides with Furstenberg 's  

definition of tangential distality. 

It is clear that tangential distality of order k is preserved under C '  conjuga- 

tion. 
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EXAMPLES 

1.4. Let T" denote the n-dimensional torus, and let f:T"--.-~ T" be a 

skew-product diffeomorphism, i.e. an additive notation: 

f ( x l , "  ", x . )  = (Xl-I- a,  X2-{- gz(Xl) , '" ", Xn -t- gn(X1,'" ", X.-1)) 

where a ~ T 1 and gi ~ C ( T  '-1, TI). 
Then for all x E T", Dr,, is of the form: 

(2...~ 
It is clear that f is tangentially distal of all orders. Note also that f is distal. 

1.5. Let f be a positively oriented C 2 diffeomorphism of the circle, with 

irrational rotation number a. Then, by Denjoy's theorem [10], f is C o conjugate 

to the notation: 

R . : x ~ x + o t  (x E R/Z = T1). 

However, in general, f need not be Cl-conjugate to R,  [2], [10]. Herman has 

shown [10] that f is C~-conjugate to R,  if and only if: 

0 < infDfn(x) < supDfn(x)  < oo. 
n , x  

By 2.2, this is equivalent to tangential distality. 

1.6. More generally than 1.4, let (X, T) be a minimal distal transformation 

group with X a compact C 1 manifold and T a group of C ~ diffeomorphisms. In 

this case [22] the Furstenberg Structure Theorem implies there exists {(X~, T)}'.0 

(r _-< d imX)  such that (Xo, T) is trivial, and (X~, T) <,,,§ T) (0_- < i -< r - 1), 

(X~+~, T) being a quotient Lie group extension of (X~, T). 

If we assume in addition that the associated fibre bundle with base X~ and total 

space X~+I is C ~ (so that, in particular, X~, Xi+: are C ~ and lrl+~ is a C 1 

submersion) then (X, T) is tangentially distal of all orders. 

1.7. If (X, {T,}) is a C 1 flow on a compact C ~ manifold with no fixed points, so 

that v(x) is non-vanishing, where 

d I T,x, v ( x  ) = -di ,-o 

then DT,(v(x))= v(T,x), and V is a C O subvector bundle of T . X ,  invariant 
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under DT, for all t, where V is spanned by {v (x) : x E X}. 

(V,{DZ}) is a distal extension of (X, T,), since 

13 

0 < inf II v (x)ll sup II v (x)ll < oo 

1.8. Changing velocity preserves tangential distality 
Let (X, {W,}) be a C 2 flow which is tangentially distal of all orders. Let (X, {S,}) 

be obtained from (X,{W,}) by C 1 change of velocity, i.e. if w,s are the 

infinitesimal generators of {W,}, {S,} respectively, 

1 

where k : X  ~ R is continuous and strictly positive. 

There exists C1/~ : X x R--* X with: 

S,x  = 

0/~ 0" 1 
~ ( x ,  )= k(x)" 

We claim that (X, {S,}) is tangentially distal of all orders. But if, for example, X 

is the 2-torus T 2 and {W,} is given by W, (x ,y )=  (x + t,y +At), then (X,{S,}) 
need not be distal, cf. [11], [19]. 

We give the proof that (X, {S,}) is tangentially distal of order 1. The proof for 

higher orders is similar. 

DW,(w(x))= w(W~x) and DS,(s(x))= s(S,x). 

Thus we only need to show that for v E TxX, v not a multiple of s(x), 

infJ[(DS, v) A S (S,x)[[ > 0. 

But it can be checked that: 

(DS, v ) ^ s(S,x ) = (DW~r ) A s(S,x ) 

_ 1 A2(DWr~.,))(v A W(X)), 

and inf, II AZ(DWro~o)( v A w(x))ll > 0 ,  since 

(X, { W,}) is tangentially distal of order 2. 
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1.9. Let X be a compact n-dimensional C 1 manifold, and . f : X - - * X  a 

minimal C ~ diffeomorphism. A necessary and sufficient condition for (X, f )  to be 

tangentially distal of order  n is that there exists a continuous /-invariant 

measure on X. 

For sufficiency, let to : U--* A" U be the continuous n-form on an open subset 

U of X, associated to /x .  By the / - invar iance  of /x ,  if x, f",x E U, 

A"Cf ' ) ( ,o (x ) )  = toCP'x). 

Since (X, f )  is minimal, for each x, {m : ]:"x E U} is syndetic, hence for each x, 

inf A " (J ' ) ( to  (x)) > 0, 
m 

as required. 

For necessity, by lifting to a double cover of X, we can assume X is orientable. 

Let too be a non-vanishing section: X---,  A " X .  

We wish to find another continuous non-vanishing section to~ such that: 

A"0C)(to,(x)) = eto,(fx) for all x E X ,  

where e = - + l .  

Let h :X---~R be such that: 

A" (f)  (too(X)) = h (x )oJo(fx ), 

where either h > 0  or h <0 .  So 

Ih(x ) ,  "" ", h ( f " - lx ) [  II too(f'nx)ll = II A "(f",)(too(X))ll �9 

So 0 < inf,, I h (x ) , . .  ', h ( f ' -~x) l  =< sup., [ h (x ) , . .  ", h ( f ' -~x) l  < oo. (For the right- 

hand inequality, see 2.2.) 

But then there exists a continuous function h I : X . - . ~ R  such that 

h l(]'(x )) = I h (x)l for all x. h,(x) 

(See [8].) Put to1 = h "090. 

h,(Jx ) 
,,~(fx ) = ha(fx )too(fx ) = h ( x  ) A"(f)(too(X)) 

= e h , ( x ) .  A "(f)(OJo(X))= eA  "(f)(toa(x)) 

for e = --1, as required. 



Vol. 35, 1 9 8 0  TANGENTIALLY DISTAL FLOWS 15 

1.10. In what follows, let g : TZ--* T 2 be of the form: 

g(x, y )=  if(x), x + y) 

where f is a positively oriented C 2 diffeomorphism of the circle with irrational 

rotation number a, in 1.5: (T z, g) is minimal. We see that 

Dg% = : D I "  (x) 01/  

g will thus be tangentially distal of order 2 if and only if inf, Df"(x) > 0 for all 

x, which happens if and only if.f is C 1 conjugate to a rotation, as in 1.5. But g will 

be tangentially distal of order 1 if and only if: 

D["(x)= +~ and ~ D[-"(x)= +~ 
n = 0  n = 0  

for all x E T'. 

But this is always true, because if la- (p , /q , )[<l /q2 ,  (e.g. if p,/q, is a 

convergent of a )  then an inequality of Denjoy (see e.g. [10], ch. VI) says that: 

e -o <= Df• <= e v, 

where v = Var(log Df). 

1.11. Let G be a semisimple Lie group, F a cocompact discrete subgroup, 

and G = K A N  an Iwasawa decomposition of G [9], where N denotes the 
nilpotent part of G. Let (G/F, N) denote the transformation group, where the 

action of N on G/F is given simply by left multiplication. 
When G = SL(2, R), and 

N - - { ( ' 0  ; ) " ~ R l '  

(G/F, N) is a classical horocycle flow, and, in general, (G/F,N) is called a 

generalized horocycle [low, and is minimal, uniquely ergodic with respect to Haar 

measure [3], [5], [71, [24]. 

We claim that (G/F,  N)  is tangentially distal of all orders. 
Let L,  denote the map: 

L, : gF ~ ngF (g E G). 

Let 9 denote the Lie algebra of C ~ right-invariant vector fields on G, i.e. v E 
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if and only if: 

(DRs)(v(xg-~)) = v(x) for all x, g E G, 

where Rs(x) = xg (x,g E G). 
Let 7r : G ~ G/F be the natural quotient map. 

For  v E D, define a vector field t~ on G/F by 0(r = Dzr (v(x))  for all x E G. 

This is well-defined. 

8 = {0 : v E D} is invariant under the map: t3 ~ D L , ( 0  o L~) .  

Let Xo denote  the identity coset in G/F. The compactness of G/F implies that 

there exist constants 0 < m, =< Mr, < oo for each r (1 =< r ~ dim G)  such that, for 

all v E A'8, 

m, l[ V(Xo)l] <--I] v (x)ll 

_-< M, II v (xo)ll 

where II II denotes a fixed norm on A'(G/F). 
Then (G/F,N)  is tangentially distal of order  r if and only if, whenever 

v ~ A'8 with v g  0 at one (hence every) point: 

(1.11.1) infll A'(L.)((v)(LX'xo))ll >0 .  
n 

But if we identify To(G/F) with TI(G) under D0r, hence with the Lie algebra g 

of G, [9], then (1.11.1) becomes: 

(1.11.2) infll A ' (Ad(n))w II > O, 

whenever w E A'g  with w ~  0, where Ad:  G - - ,  Aut(g) denotes the Adjoint  

representation. 

But (1.11.2) holds because [9] there is a basis of g with respect to which all the 

matrices of Ad(N)  are lower triangular with l 's  on the diagonal. 

1.12. Condition for tangential distality of a horocycle flow associated with an 
Anosov flow 

Background references for the following are [1], [20], 

Let X be a compact 3-dimensional manifold, and let {f,} be a C 2 Anosov flow 

on X, so that: 

T . X =  E . ~ E f ~ E , ,  
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where E,, El, Es are C o subvector bundles of T . X ,  invariant under D.f,, Ef is the 

bundle tanget to {/,}, spanned by the infinitesimal generator vector field vr of {/,}, 

and there exist a, c >0 ,  such that: 

II Df, v II >= ce "' II v II 

II Of, v II--< ce-~ II v II 

II Df, v II ---< ce-a' l[ v II 

II D/,v II--> ce " II v II 

for v E E.,  t > O, 

for v E E~ t > O, 

for v E E . ,  t < 0 ,  

f o r v E E .  t < 0 .  

Suppose both E,  and E, are orientable, spanned by non-vanishing vector 

fields v,, yr. Let {g,} be the flow, differentiable with respect to t ({g,} does exist), 

with infinitesimal generator v,. We wish to determine when (X, {g,}) is tangen- 

tially distal of all orders (by 1.8, this property is not affected by the choice of v.). 

Of course, this question does not make sense unless: 

(x, t) ~ g,x is C 1. 

So suppose this is true. 

For fixed x, t, we have: 

(1.12.1) g,x = f ,g , , . , . , f_ ,x  for all r ~ R, 

where i ~ ( t , r , x ) ~ O  as r ~  +oo. 

Write Df, v, (x)  =/3 (x, r)v, (x),  (x E X,  r ~ R) so that/3 (x, - r) ~ oo as r --~ + oo. 

(1.12.1) is used to obtain (1.12.3), (1.12.4): 
(1.12.2) Dg,v . (x )  = v,(g,x)  (x E X,  t E R). 

(1.12.3) mg,v,(x)  A v,(g,x)  = vf(g,x) A v,(g,x).  

(1.12.4) For x ~ X,  t E R, lim /3(x, - r) ,4 ~/3(g,x, - r) exists and: 

Og, v , (x )  A ot(g,x ) A o,(g,x) = [ l im /3(x, -- r) '~ vs(g,x) A vt(g,X ) A o,(g~x). 
\ ~ =/3(g,x, -- r)]  

Thus (X,{g,}) is tangentially distal of all orders if and only if: 

\ [ l im /3 (x, - r) ~ > 0 for all x E X. inf 
| - r) ] 

Using 2.2, we have the following (with notation of this section): 

1.12.5. PaoeosmoN. Let (X, {g,}) be minimal  (which happens, for example, if 
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(X, {f,}) is not the time 1 suspension of an Anosov diffeomorphism [20]). Then 

(X, {g,}) is tangentially distal if and only if both the following hold : 

(i) (x, t) ~ g,x is C ~. 

(ii) 0 <  inf [3(x,r)< sup /3 (x , r )<oo  
,~,~x/3 (y, r) = ,.y~x/3 (y, r) " 

r ~ R  r E R  

Note that (ii) can be formulated without reference to (i). We state the 

following without proof (using the notation of this section): 

PROPOSmON. Suppose X supports a C O f,-invariant measure tz. The following 

are equivalent: 

(i) /z maximizes the entropy of fl. 

(ii) 0 <  inf f l ( x , r ) <  ~, n / 3 ( x , r ) < o  ~ 
~,y~,,t3(y, r) .~y~x/3(y, r) 

r E R  r ~ R  

We omit the details, but using this it can be shown that, if X is the unit tangent 

bundle of a compact surface S with a Riemannian structure, and ((X, {f,}) is the 

geodesic flow, and is C 2, then (X, {g,}) cannot be tangentially distal of all orders 

unless S has constant curvature. 

However  we have the following, stated without proof (actually, it is quite 

easy): 

PROPOSITION. Let (X, {f,}) be C 2 Anosov, and suppose E., Es are orientable C" 
(r => 1). Then any C" change of velocity (X, {F,}) of (X, {f,}) is Anosov, and there 

exists a C" change of velocity (X, {F,}) such that, if the associated stable and 

unstable vector bundles are E ;  E ' ,  then these are integrable, and for some vector 

fields w,, ww spanning E's, E"  respectively: 

(F,) .w,  = e-'w., 

(E).ww = e'w~. 

Thus it would seem that there are probably many Anosov flows satisfying 

condition (ii) of 1.12.5. The problem is: would these flows also satisfy condition 

(i)? 

w A structure theorem for vector bundle distal extensions 

We assume (throughout this section) that X is a compact metric space, that 

f : X---, X is a minimal homeomorphism, that V is a real finite-dimensional C o 

vector bundle over X, and that (V, fv) is an extension of (X, f). 
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We assume without loss of generality that a fixed " n o r m "  on V arises from a 

Riemannian structure on V - -  and the norms used on the bundles ( ~ ' V ,  A ' V  
will be those arising f rom the associated Riemannian structures on these 

bundles. 

We prove a Furstenberg-type structure theorem for those (V, fv) for which 

(AkV, AkD is a distal extension of (X , f )  for 1 _-< k _-< n = dim V (2.8). 

The basic result is: 

2.1. PROPOSITION. If fv : V ~ V is a distal extension of f : X--~ X, then 
W = {w E V : sup,~z aHf~w II < oo} is non-trivial. 

PROOF. 

Define T : V---~ V by: 

TO, = Of, 

low 
T ~  = Ilfow II if w t O. for any x. 

Then I ITwl[ :  Ilwrl for all w ~ V, and T"w :fcw/ll'f~wll if w # 0 .  

Let w E V have minimal closed orbit Cw under T, I1 w II : 1. 

L : Cw ---> R § defined by: 

Let V, denote  the fibre of V over x, with zero vector 0,. 

L ( z )  = inf ][f:z II 
n E Z  

is a strictly positive, upper  semi-continuous function, hence has a point of 

continuity Wo. Then there exists an open neighbourhood U of wo in Cw such 

that: 

L(wo) 
L(z)> 2 for all z E U .  

By minimality of (Cw, T), [6, ch. 2], T"woE U for all n E A, where A is a 

syndetic subset of Z (i.e. A + F = Z for some finite F C Z). 

So L(T"wo)>L(wo)/2  for all n E A, i.e. 

L(wo) = L ( f : w o ) >  L 2 - ~ l l f : w o l [  foral l  n E A .  

n n O 0  So IlfvWol[ < 2  for all n E A. Since A is syndetic, sup, I I L w o l l  < �9 S o  w is 

non-trivial. 

2.2. COROLLARY. Itl, 2.1, if in addition V is 1-dimensional, there exist 
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m, M > 0 such that: 

PROOF. 

Then 

i.e. 

Then 

m Ilwll~llf:wll<=MIIwll forallw E V. 

By 2.1, choose w with II w II-- 1 and sup,  [[f'~w II = M ,  < oo. Put 

M2 = infllf'~w ]l > O. 

--~llfTw II---< Ill: § II ~ M~llfTw II for all n, m E Z, 

M 2  ~ n m ~ M 1  
"-~= f o ( T  w) ="~2' Vn, m E Z .  

M2 < U f oz II = M ,  _ _ =  - < m  for a l l n E Z ,  z E C w .  
M1 M2 

The result follows, since Cw CI Vx g O for all x E X, and V, is 1-dimensional. 

NOTE. In 1.5 we apply this result to the case when X is the circle, V = T . X ,  f 

is C 1 and fo = Dr. 

2.3. PROPOSITION. If  Akfv: AkV--* A~V is a distal extension of f : X - *  X, 

1 _-< k -< n = dim V, then for some m, M > 0 the following sets coincide : 

PROOF. 

Xo be such that: 

W = { w  ~ V :supllDf'~wl[<=}, 
n 

w ' . M  = {w e V : m II w II--< IIf:w II--< MII w II for all n E Z}, 

W" = {w E V : (C~ T) is minimal}. 

W = W'm.M. If Wx = Vx rl W, then W, is clearly a vector space. Let 

dim W~ o = Max dim W,. 
x ~ X  

We shall find (Lemma 2.4) constants a,/3 > 0 such that: 

a I] w II---< Ilf:w II--</311 w II for all w E W~ o, n E Z ,  
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which will imply W = W',M with m = all3 and M = ~/a.  For then, given x E X, 

we can find a sequence {nm} such that fni.Xo--*x, and {fT-w} converges for all 

w E W~ o, and if A : W~o--* V~ is defined by: 

A w  = [7"w, 

then A is a linear map, one-to-one (because f~ is a distal extension), and since 

~]lj'7-w II--< [IF +'w II = < ~llr II 

for all nm, r E Z, for all w E W~, 

~llmw II -< IIs II =< ~l law II, 

so that, a [ortiori A (W~o) C W~, hence A (W~o) = W~, since dim W~ is maximal. 

W"C_ W =  W',,,M. If W E W", the method of proof of 2.1 implies C,  tq 

W ~  O. Clearly W is T-invariant and since W = W'.M, W is closed. Hence 

C, C W, a n d w E W .  

W ' M  = W C W". Let w E W, and let wo be in the same fibre over X as w, 

Wo E C~, such that (C~o, T) is minimal. Then Wo E W" C W = W ' ~ .  It suffices to 

show w ~ Cwo. 

Let T " . w  --> Wo. Then 

IlT-m*wo - wll = 11T-'~'(Wo - T " w ) l l  

<- Ml lw  o -  T~'.wl[--->O. Q.E.D. 

2.4. LEMMA. I f  (A~V, fo) is a distal extension of ( X , f )  ( l=<k <--n), and 

Wx --{w ~ vx : sup. llfZw ll < ~} then there exist a, /3 > 0  such that: 

~llwll-<llf~wll-  -</3llw/I [oral lw E W~. 

PROOF. The existence of /3 follows immediately from the finite- 

dimensionality of W~. 

Existence o fa .  Let dim W~ = k, and let e , . .  �9 ek be an orthonormal basis for 

W~. Let e~' �9 �9 �9 e~ be an orthonormal basis for f~(W~). Let An denote  the matrix 

of f~ with respect to the bases {el �9 �9 �9 ek } and {e 7 " "  e ~}. Clearly IIm. II and IIA ~'11 

are independent of the choice of orthonormal bases (where llm~ II denotes the 

operator  norm). 

A , = ( a , ~ )  and A : l = ( b ~ ) ,  say. 
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To prove the existence of a, it suffices to prove: 

sup sup [b,~[<oo, 

since the left-hand side is _-> ( l l k )sup .  l lA ; l l l .  

[a'~l = l(A,,e,,eT)[ <= ~. 

So 

[bTA < (k - I)!/3 k-1 
= det A, 

So it suffices to show: inf, det A ,  > 0. But 

infdet  A .  = inf H Ak.f'~(e, A .  A e~)ll >0 .  

2.5. REMARK. If W={w~V:sup,,llDf~wl[<oo}, then the proof of 2.3 

shows that the dimension of the vector space W ('1 Vx = W~ is the same for all x. 

Also, the fact that W = W',M for some m, M, implies that W is closed. It follows 

that if ( , ) is any Riemannian metric, and P : V ~  W is the orthogonal 

projection onto W, then P is continuous. Hence W is an f : invar ian t  C O 

subvector bundle. 

2.6. R~MARK. (Obvious but important.) If (V, fo) is a distal extension of 

(X, [),  and W is an [o-invariant C O subvector bundle of V, then (W,.fv) is a distal 

extension of (X, f) .  

2.7. We need the following proposition for the inductive step in the proof of 

the main structure theorem: 

PROPOSITION. If  ( A k V, A k.fv) is a distal extension of  (X, [) 
(1 _-< k _-< n = dim V), and W is a C o fv-invariant subvector bundle o[ V, and 

fvl,, : V/W--> V / W  is given by: 

fo,.(w + u) = w + fou, 

then (Ak(VIW), A kf~/w) isa distal extension of (X,f) (I _-< k _-< n - r, r = dim W). 

PROOF. For all k, let A~ (V) denote the (~)k fo-invariant subvector bundle of 

(~)k V spanned by vectors of the form vl @" "" @ vk, where at least two of the 

v,'s are the same. Recall that Akv = (~ V/Ak(V). 
Fix k (I _-< k -< n - r), x ~ X, and u : 0 in the fibre of A E(V/W) over x. To 
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prove the proposition under the given hypotheses, we need to show: 

(2.7.1) inf II ̂ WT,  w)ull>0, 
m:fmx~U 

for some open neighbourhood U of x. 
Choose U, such that there are continuous cross-sections v l . . . v~  : U ~  V 

with v l (y ) . . . v~ (y )  an orthonormal basis of Vy for all y E U ,  and 

vl (y ) . . ,  v , (y)~  wy, 
Let Y = ( ( ~ ' W ) @ ( ( ~ k V ) / A , + ~ ( V ) C _ A ' + k ( V ) ,  and fv = A'+~(fv) re- 

stricted to Y. Let Z = Ak(V/W)  and fz = Ak(fv/w). 

Let zrv : Y---> X and Zrz : Z ---) X be the natural projections. 

We define a homeomorphism �9 : 1r~:(U)---* 7rz~(U), inducing the identity on 

U, which is an isometric vector space isomorphism restricted to each fibre, by 

sending the basis element: 

A,+k(V) + (Vl(y)(~''" (~ v,(y) (~ V,,(y)(~""" (~ Vik (y)) 

( r < i ~ < . . .  < ik)  

in Yy to the basis element: 

A k ( V / W )  + (W + v,,(y)) ~ ) . . .  ~) (W + v, k (y)) 

in Zy. Define hm(x)ER,  for m such that f•x E U, by: 

^ ' ( f T ) ( v , ( x )  ^ ' "  ^ v , ( x ) )  = x ,  ( x ) ( v l q ' X )  ^ . "  ^ v , q ' x ) ) .  

By 2.6, (A 'W,  A'(f,)) is a distal extension of (X,f),  and since ^ ' W  is 1- 

dimensional, 2.2 implies that: 

(2.7.2) sup I:~,(x)l < oo. 
m:.f~xEU 

Also, if v E Yx, and f ' x  E U, 

(2.7.3) ~(f~,v) = Am (x)f~ (~v).  

By 2.6, (Y,/y)  is a distal extension of (X, f). So putting CDv = u in 2.7.3, and using 

2.7.2, we obtain 2.7.1, as required. 

2.8. Structure theorem for extensions which are distal of all orders 
Let X be compact metric, and V a finite-dimensional real vector bundle over X. 

Let (X, f)  be minimal, and (AkV, AEf) a distal extension of (X, f)  
(1 =< k =< n = dim V). Then there exist fo-invariant C O subvector bundles 
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0 =  V o ~ V ~ V ~ . . . ~ V ,  = V, 

such that: 

V, = {w E V:supl[ fTw + v,-,ll < oo} 
m 

and there exist m~, ~ > 0 such that: 

(2.8.1) mill w + v,_,ll_- < Ilfmw + v,_,ll _-< w + v,-,ll 

/or all w ~ V,. 

PROOF. We simply apply 2.3-2.5 successively to the extensions (V/V~,[o) of 

(X, [)  for i = 1, 2 , . . . .  The process terminates after finitely many steps, since V 
is finite-dimensional. 

REMARKS ON 2.8.1. (1) In general, the V~ are not integrable, as the following 
example shows. 

Let X = SL(3, R)/F, for some discrete cocompact subgroup F of SL(3, R). Let 
N be the subgroup 

1 :s,t, u E R  
0 

of SL(3, R). 

(N, SL(3, R)/F) is minimal tangentially distal (1.11). Using the notation of 1.11, i~ 
is isomorphic, as a Lie algebra, to SL(3, R) the Lie algebra of 3 x 3 real matrices 

with zero trace. Each V, is C | and is spanned by elements of i~, and the subspace 
of SL(3,R) corresponding to V4 is {(x~j): x3, = 0}, which is not a Lie algebra. 
Hence, by Frobenius' theorem [12], V4 is not integrable. 

(2) The converse to the structure theorem is true. Suppose (X,.f) is minimal, 

and (V, Iv) is an extension of (X, [), where V is a finite-dimensional real vector 
bundle over X, and there exist .fo-invariant C O subvector bundles 0 =  

c c . . . ~ V ,  = Vo~ V,~ V, and constants m,, M~ > 0 such that 

m,llw + V~-,ll=<llf:( w + VJ-0[I=< M~llw + v,-,ll 

for all w E V~, all r. 

Then (Ak(V), Ak(fo)) is a distal extension of (X,[)  (1 =< k _-< n = dim V). 

w Properties of tangentially distal diffeomorphisms 

In this section it is shown that tangential distality of orders 1 and n (where n 
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denotes the dimension of the manifold) implies zero entropy for a diffeomorph- 

ism of a C | manifold. (The diffeomorphism need not be C| I am indebted to M. 

Herman for pointing out that this is not dependent on the structure theorem of 
w 

It is also shown, in the second half of this section, using the general theory of 

w how tangential distality, with certain additional assumptions, implies 

distality. 

3.1. Let X be a compact C a manifold, and f : X---* X a C 1 ditteomorphism. 

Let h (f) denote the topological entropy of f, and, for an f-invariant probability 

measure Ix on X, let h (f, IX) denote the measure-theoretic entropy with respect 

to Ix. 
As is well-known, 

h ( f ) =  sup h(f, Ix). 
/.~ ergodic 
f-invanant 

3.2. We state the following theorem, quoted in [23], which is attributed, with 

modifications, to Oseledec [16] and Raghunathan [21]. 

TI~OREM. Let X be a compact C 1 manifold, f : X -* X a C ~ diffeomorphism, 

and IX an f- invariant probability measure on X.  Fix a Riemannian structure on X.  

Then there exists ~ C_ X with IX ( f l )=  1, and a measurable section 

x ~ A~ (x ~ l~) 

of  the bundle with fibre L (  T , X )  over x, where L (  T , X )  denotes the space of  linear 

operators of  T , X  into itself, such that A ,  is a positive linear operator on TxX, and : 

l i m  m m 1/2,,, ,,-,~ ( D f  r-~Df ~ ) = Ax for all x ~ a .  

Moreover, if e ,x is an eigenvalue of  Ax (possibly with Ax = - oo) then there exists 

v E T~X such that: 

l i m l l o g l l D f ~  v II = A,. 
m m 

It follows from [23], theorem 2, that if X is a C | manifold, and if, for almost all 
x ~ l~, all the eigenvalues of Ax are lx (i.e. Ax = identity almost everywhere) 

then hoe, Ix) = 0. 

Thus, in order to show (X, f)  has zero entropy if (X, f )  is tangentially distal of 

orders 1 and n, we shall show that, if {Ax} is the family of positive operators 
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associated with an ergodic non-a tomic  f - invar iant  probabil i ty measu re / z ,  then 

for  almost  all x, all the eigenvalues of Ax are 1. 

3.3. LEMMA. I f  (X, f )  is tangentially distal of order 1, and tt is an f-invariant 

probability measure on X, then with the notation of  3.2, all eigenvalues of A~ are 

>= 1, for all x E ~.  

PROOF. If A~ < 0 (i.e. e ~- < 1), then: 

lim 1 log [I DfTv  II = A~ < 0, for  some v ~ TxX, 
m ~ m  

i.e. 

l im log II DSTv II -- - o~, 

i.e. 

lim_m II D r : v  II--- 0, 

contradict ing tangential  distality. 

3.4. LEMMA. Let/z  be an f-invariant non-atomic ergodic probability measure 
on X. Let d i m X  = n, and let An(A, ) ,  A" m. r, (Dfr-~D f X) denote the nth exterior 

products of A~, (Df~L,)* Df"2 respectively, which are the mappings of  A "( T . X ) .  
Then A n(A~) = identity on A " ( T , X )  for almost every x E l ) ,  if ( X , f )  is 

tangentially distal of order n. 

PROOF. Clearly, f rom 3.2, 

II A " ( A x ) I I  = l, i~ll A " ( ( D f ' ) * ( D f T ) )  '~' '  II for  all x e f l  

= l i~ l l  A" (Df?-D" .  A " ( D r : ) )  T M  II 

= limllA"(Df'~)vl[ vm for  all v e A'(T~X) with livll = 1 

=> 1 by tangential  distality of o rder  n. 

So II A"(ADI/-- 1 if there  exists a sequence  {m,} such that m, ~ oo and: 

sup[ [ A "(D[~')v H < oo for v C A "(TxX) with II v II = 1. 
r 
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Thus, to complete  the proof of 3.4, it suffices to prove: 

3.5. LEMMA. I[ X is a compact C 1 manifold and f a C ~ diffeomorphism, and tx 

is an f-invariant non-atomic probability measure on X, and if ( V, fo) is a distal 

C O vector bundle extension of (X, f) ,  with V 1-dimensional in each fibre, then there 

exists [11 C_ X with Ix (I~) = 1 such that if x E fI~, there exists a strictly increasing 

sequence {m,} such that: 

supllfT"wll<o0 ~orallw ~ Vx. 
r 

PROOF. Let L ( x )  = infm IlfTw II for w ~ V~, II w II = 1. (This is well-defined, 

since V is 1-dimensional.) 

Given e > 0, there exists a compact  K C X such that L IK is continuous and 

IX(K) > 1 - e. 

So there exist m, M > 0 such that: 

m <=L(x)<-M 

Let w E V~, II w II = 1. 

So if x, f"x  ~ K, 

whenever  x E K. 

IlfZw IIL(f"x)  = L(x ) .  

m I}fT, w[l<=L(x)<=M. 

So IIf;w II MIm. 
So a sequence {m,}, as in the s tatement  of the lemma, exists for almost all 

x ~ K (a different sequence, possibly, for different x), provided that 

IX {x E K : f "x  ~ K for infinitely many n} = IX (K). 

But this follows f rom the Poincar~ recurrence theorem. 

Hence  a sequence {m,} exists for almost all x E K. 

Since IX (K)  > 1 - e and e is arbitrary, the lemma is proved. 

3.6. THEOREM. I f  (X, f )  is tangentially distal of orders 1, n ( = dim X )  f has 

zero topological entropy. 

PROOF. Let IX be an f- invariant  ergodic non-atomic probabili ty measure  on 

X, and {A~} the positive operators  associated with Ix as in 3.2. As stated 

previously, it suffices to show that for almost every x, the eigenvalues of Ax are 

all 1. By 3.4, det Ax = 1 a . e .x .  
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So eigenvalues of A,  < 1 occur if and only if eigenvalues > 1 occur. By 3.3, 

this cannot happen. Q.E.D. 

3.7. As before, X is a compact C ~ manifold and f is a minimal C 1 

diffeomorphism, tangentially distal of all orders, and: 

0 = Vo~ V , ~ . . .  ~ V, = T , X ,  

where the V~ are the D/-invariant C o subvector bundles with: 

Vj = {v E T , X  :supllDfnv + V,-,II <0o}. 
n 

Let rr : T . X  ~ X be the canonical quotient map. Recall that V~ is integrable 
at x E X if there exists a C '  chart (U, ~p) at x(i.e. U is open in R n and ~p maps U 

diffeomorphically onto a neighbourhood of x) such that: 

D~ : ~r- '(~-'U)--* U x R ~ 

maps V~ N 1r-'(~p-lU) to U x R ~ x {0}, if Vi is k-dimensional in each fibre. 

If V~ is integrable, recall that the leaves of V~ are the connected components 

of X in the topology .~'1, where, if x, U, ~p are as above, then a ~l-neighbourhood 

base at x is given by: 

{~p-~(W x {y2}) : W is a neighbourhood of yl in R k } 

where ~p(x) = (y~, y2). 

In what follows, we find a condition for the distality of (X,f).  

3.8. PROPOSmON. (i) I f  VI is integrable, and one leaf of V, is ~'~-compact 
(and hence compact in the usual topology of X)  then all leaves of V1 are compact, 
and there exists a C ~ manifold X~ and a C ~ submersion pI: X ~ X ,  with 
KerDp~ = V~, and {p~~(y): y EX1} are the leaves of V~. 

(ii) Let f~ : X~ --~ XI be the diffeomorphism which is well-defined by : 

p l ( ~ )  = fl(plX). 

Then (X, f)  is an almost periodic extension of (X,, f,), i.e. let d be a metric on X. 

Then given e > 0  there exists 8 > 0  such that whenever p , ( x ) = p , ( y )  and 

d (x, y ) < 8, then d (fix, fny) < e for all n. 

PROOF. Palais [17] has shown that X,, p, exist with the required properties (i) 

provided that V~ is regular. V, is regular at x ~ X if the chart (U, ~p) of 3.7 can be 

chosen such that if: 
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U, ={w ~R ~ :(w,y)~ U}, 

then q~-IUy and ~-IU, belong to different leaves of VI whenever U, U, are 

non-empty with y ~ z. VI is regular if it is regular at all points. 
If w E X, let L,, denote the leaf of V~ containing w. Let x E X be such that Lx 

is compact. Since / is minimal, to prove (i) of the proposition, it suffices to prove 

V~ is regular at x. 

Let  { ( ( -  1, 1)", ~j) : / = 1 , . . . ,  m } be a set of integrable charts of V~, as in 3.7, 

with 

X _C r 71(- 1/2, 112)" tO ... tA r ~:(- I/2, 112)", 

and x E ~ 71(_ I/2, I/2)". 

PROOF OF (i). Step 1. Lx C j_~r ((- I/2, I/2) k x {y~,}). We show there 

exists N > 0 such that each leaf r t (L) intersects the sets r 71((- I, I)") in at most 

N slices altogether. 

Let [[D~(~pj o.f'o ~P 7~)[I---M for all i,/, I, where DI denotes the derivative with 
respect to the first k coordinates, and M is an integer. 

Divide each set (- 1/2, 1/2) ~ x {y~,} into (2M) k cubes of side I/2M. 
For each integer I, the image under f~ of one of the cubes of side I/2M is 

contained completely in: 

~ - ' ( ( -  1, 1) ~ x {z} )  

for some ], and some z ~ ( -  1/2, 1/2) "-k. 

Hence ft(L,) is covered by a set of at most s x (2M) k sets of the form 

q~; '((-  1, 1) ~ x {z}). Any such set has non-null intersection with at most m - 1 

other  sets ~7~(( - 1, 1) k x {z'}). 

So f t (Lx) intersects at most ms x ( 2 M )  k = N sets of the form 

r  1, 1) ~ x {z}) .  

PROOF OF (i). Step 2. Any leaf L intersects at most N sets of the form 

q~;l((_ 1, 1) k x {z}) (so that any leaf is compact). This follows from the fact that 

this is true for the dense set of leaves {ft(L=)}. 

PROOF OF (i). Step 3. Step 2 implies the following: 

Let d be a metric on X. Given e > 0, there exists 8 > 0 

(3.8.1) suchthatifd(w,z)<8, thend(w' ,L , )<e f o r a l l w ' E L .  

Now choose a neighbourhood U~C_ r - 1,1)") of x such that q~l(L,) 

intersects r in only one slice. (3.8.1) implies we can choose U1 such that ail 



3 0  M. REES Israel J. Math. 

leaves intersect  U1 in at most  one  slice. 

H e n c e  V~ is regular  at x, as required.  

PROOF OF (ii). By minimal i ty  of f, it suffices to p rove  that  given e > 0 there  

exists 8 > 0 such that,  wheneve r  y~, y2E  ~ ( ( - 1 / 2 M ,  1 /2M) n) with p 2 ( ~ l y t ) =  

p2(~ply2) (where p2 denotes  project ion on to  the last n -  k coordinates) ,  and 

d ( y , , y 2 ) < ~ ,  then d ( f t y ~ , f y 2 ) < e  for  all 1. 

As  in step 1 of the p roof  of (i), if 

y~, y2 ~ q~i-~((- 1/2M, 1/2M)")  with p2~y~ = p2q~y2, 

then for  each l, f 'q~;~(-  1/2M, 1/2M)" lies comple te ly  in ~ / ~ ( ( -  1, 1) k x {w}) for  

some  j, w, and 

IlD,(q~, o f ' o  q~-')ll -< M on ( -  1/2M, 1/2M)". 

Hence ,  for  all l, 

11~, o f '  o ~ ; ' ( y ~ ) -  q~, of '  o ~ ;~(y~)ll _< M I I y l -  y211. 

The  result follows. 

3.9. COROLLARY. I f  X ,  [, V1," " ", V, are as in 3.7, and each V~ is integrable 

with compact  leaves then there exist C ~ manifolds  X~ (i = 1 , . . . ,  r) and  C ~ 

dif feomorphisms f~ : X~ ~ X~ and C ~ submersions p, : X~ ~ X~§ with p, of~ = ~+1 op, 

and V~ = Ker  D (p, . . . . .  PO. Moreover (X~, ~ ) is an almost  periodic extension o f  

(X~+~,f~§ and hence (since (X~ f , )  is trivial), ( X , f )  is distal. 

PROOF. Use  induction and 3.8. Note  that  if V~ is in tegrable  with compac t  

leaves for  X, then D (p~_~ . . . . .  pl) V~ is integrable,  with compac t  leaves, for  X~-1. 

REFERENCES 

1. D. V. Anosov, Geodesic flows on closed Riemannian mani[olds with negative curvature, Proc. 
Steklov Inst. Math. 90 (1967). (Amer. Math. Soc. Trans., 1969.) 

2. V. Arnold, Small denominators L Mappings o[ the circumference onto itself, Izu. Akad. Nauk 
SSSR Ser. Mat. 25 (1961), 21-86; Amer. Math. Soc. Transl. Ser. 2, 46 (1965), 213-284. 

3, R. Bowen, Weak mixing and unique ergodicity on homogeneous spaces, Israel J. Math. 23 
(1976), 267-273. 

4. R. Bowen and D. Ruelle, The ergodic theory of Axiom A flows, Invent. Math. 29 (1975), 
181-202. 

5. S. G. Dani, Bernoullian Translations and minimal horospheres on homogeneous spaces, J. 
Indian Math. Soc. 39 (1976), 245-284. 

6. R. Ellis, Lectures on Topological Dynamics, W. A. Benjamin, 1969. 
7. R. Ellis and W. Perrizo, Unique ergodicity of flows on homogeneous spaces, Israel J. Math. 29 

(1978), 276-284. 



Vol. 35, 1 9 8 0  TANGENTIALLY DISTAL FLOWS 31 

8. W. H. Gottschalk andG. A. Hedlund, TopologicalDynamics, Amer. Math. Soc. Colloquium 
Publications Vol. 36, Providence, 1955. 

9. S. Helgasson, Differential Geometry and Symmetric Spaces, Academic Press, 1962. 
10. M. Herman, Sur la conjugaison di f]drentiable des di fJdomorphisms du cercle it des rotations, 

thesis, L'Universit6 Paris Sud, Centre d'Orsay, 1975. 
11. A . N .  Kolmogorov, On dynamical systems with an integral invariant on the toms, Dokl. 

Akad. SSSR 43 (1953), 763-766 (Russian). 
12. S. Lang, Dif]erential Manifolds, Addison-Wesley 1972. 
13. B. Marcus, Unique ergodicity of the horocycle flow: variable negative curvature case, Israel J. 

Math. 21 (1975), 133-144. 
14. G. A. Margulis, Certain measures associated with U-flows on compact manifolds, Functional 

Anal. Appl. 4(1) (1970) (transl. from Russian). 
15. C. C. Moore, Distal affine transformation groups, Amer. J. Math. 90 (1968), 733-751. 
16. V. I. Oseledec, A multiplicative ergodic theorem. Ljapunov characteristic numbers for 

dynamical systems, Trudy Moskov. Mat. O b j .  19 (1968), 179-210. English translation: Transl. 
Moscow Math. Soc. 19 (1968), 197-231. 

17. R. S. Palais, A global formulation of the Lie theory of transportation groups, Mere. Amer. 
Math. Soc. 22 (1957), 1-123. 

18. W. Parry, Zero entropy of distal and related transformations, in Topological Dynamics (J. 
Auslander and W. H. Gottschalk, eds.), Benjamin, New York, 1968. 

19. W. Parry, A note on cocycles in ergodic theory, Compositio Math. 28 (1974), 343-350. 
20. J. Plante, Anosov flows, Amer. J. Math. 94 (1972), 729-753. 
21. M. S. Raghunathan, A proof of Oseledec' s multiplicative ergodic theorem, Advances in Math. 

(to appear). 
22. M. Rees, On the structure of minimal distal transformation groups with topological manifolds 

as phase spaces, thesis, University of Warwick, 1977. 
23. D. Ruelle, An inequality for the entropy of differentiable maps, to appear. 
24. W. Veech, Unique ergodicity of the generalized horocycle flow, Amer. J. Math. 99 (1977), 

827-859. 

INSTITUTE FOR ADVANCED STUDIES 
PRINCETON, NJ 08540 USA 


